We consider the optimal investment and consumption problem in a BlackScholes market, if the target functional is given by expected discounted utility of consumption plus expected discounted utility of terminal wealth. We investigate the behaviour of the optimal strategies, if the relative risk aversion tends to infinity. It turns out that the limiting strategies are: do not invest at all in the stock market and keep the rate of consumption constant!
Introduction
In this paper we consider a financial agent, who invests in a market described by geometric Bownian motion and a riskless bond. The agent has also the possibility to consume wealth according to some consumption rate. His aim is to maximize the sum of the total expected discounted utility from consumption over some finite time horizon [0, T ] plus the expected utility from terminal wealth. This is a classical problem and seminal papers dealing with this problem are Merton (1969 Merton ( , 1971 and Karatzas et al. (1987) . In the papers by Merton the problem was solved for the so called HARA class of utility functions (basically the power functions and the logarithm) using methods Support by the Austrian science fund, grant FWF22449, is gratefully acknowledged.
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Institute for Mathematical Methods in Economics, TU Vienna, 1040 Vienna, Austria S. Thonhauser (B) Institute of Actuarial Science, University of Lausanne, 1015 Lausanne, Switzerland e-mail: stefan.thonhauser@unil.ch from dynamic programming. In the paper by Karatzas et al. duality methods were used and they were able to give some representation formulas for the optimal investment process, as well as for the optimal consumption density. They were able to do this for a market model where the coefficients are given by bounded adapted processes. In their last chapter, where they give some explicit solutions, they restrict to the constant coefficient case again.
In our paper we want to investigate the behaviour of the optimal processes, if the Arrow-Pratt relative risk aversion −
xU (x)
U (x) of the used utility function U becomes large. Investigations in this direction are not too numerous in the literature. We cite just two of them: Carassus and Rásonyi (2006) and Grandits and Summer (2006) investigate the connection of increasing (absolute) risk aversion and superreplication in discrete models.
Our main result (Theorem 2.6) can be described in the following way. The relative amount of money, which the agent invests in the stock market vanishes for relative risk aversion tending to infinity, which is certainly what one would expect. For the consumption rate we show that it converges to some constant value of consumption, which is maybe at first sight not so obvious.
During the completion of this paper we got knowledge of a paper by Nutz (2011), who investigates basically the same problem but in a general semimartingale setting. If the price process is given by a continuous process and the underlying filtration is continuous his result (Theorem 3.1(ii) and Remark 2.4) coincides with ours. But note that in Nutz (2011) power utility is used, where the focus of our paper is a more general family of utility function with increasing relative risk aversion. To keep technicalities as little as possible we confine ourselves here to the case of one stock and one bond, as well as to the case of constant coefficients in a Black-Scholes setting.
Financial market model
We assume a Black-Scholes type financial market with a finite time horizon [0, T ]. The available two assets are one riskless with price process P 0 and one risky with price process P 1 . Their dynamics are given by
The model parameters are constant interest rate and mean return r, μ ∈ R and constant volatility σ ∈ R + . The driving stochastic process W = (W t ) 0≤t≤T is a standard Brownian motion on some probability space ( , F, P). The flow of information (F t ) 0≤t≤T is given by the augmented filtration generated by W , i.e.
Consider an agent with wealth given by a process X = (X t ) 0≤t≤T , who is allowed to invest in the market and to consume from his wealth. The portfolio process π = (π t ) 0≤t≤T describes the amount of money invested in the risky asset P 1 for t ∈ [0, T ]. For being reasonable π needs to be adapted to (F t ) 0≤t≤T and
